In this paper, we derive some explicit analytical solutions to the P 3 equations for the slab geometry that is illuminated by a collimated plane source. The resulting expressions for the total reflectance and transmittance are compared with the corresponding transport theory solution predicted by the Monte Carlo method. Further, for the special case of a non-absorbing anisotropically scattering slab, simple and accurate expressions in the P 1 approximation are obtained, yielding for optically thick slabs, the typical behavior of Ohm's law. In view of the time domain, we present an alternative method to the classical frequency-domain approach avoiding the use of complex numbers.
INTRODUCTION
The radiative transport equation (RTE) is a fundamental equation that is involved in many areas of science such as astrophysics, neutron transport, climate research, heat transfer, biomedical optics, and computer graphics [1] [2] [3] [4] . It is considered to be the gold standard for prediction of the light propagation in random media, for example, biological tissue, because it provides in many cases a valid approximation of Maxwell's equations [5] , avoiding the high demand for computer power needed for solving them. In the medical physics field, solutions to the RTE are often applied in the context of fluorescence spectroscopy, quantitative microscopy, bioluminescence imaging, or photodynamic therapy [6] . Until now, the diffusion equation has been the most often used approximation of the more complicated RTE. However, it is well known that the diffusion approximation fails in several situations of high practical importance. For example, solutions in diffusion approximation becomes inaccurate for small sourcedetector separations, short time values, small distances to boundaries, high spatial and temporal frequencies, highly absorbing media, as well as in inhomogeneous media (e.g., layered media). In view of numerical methods, the Monte Carlo method is the most often used approach for solving the RTE. For more details regarding this stochastic method, we refer to the article [7] . In recent years, different analytical approaches such as the method of rotated reference frames [8] [9] [10] or the singular eigenfunction method [11] have been developed for solving the RTE.
Furthermore, the method of separation of variables has been used to find solutions of the two-dimensional RTE in the flatland geometry [12] . Also, several analytical solutions of the onedimensional planar symmetric P 3 equations have been derived in recent years; see, for example, [13] [14] [15] [16] . Apart from this, analytical solutions in the P 1 approximation have been presented in the publications [17] [18] [19] . In our previous work [20] , we considered the solution of the three-dimensional P 3 equations in semiinfinite geometry. It has been shown via comparisons to the Monte Carlo method that the P 3 approximation leads to a significant improvement compared to classical diffusion theory [2] .
In this paper, we derive analytical solutions of the P 3 equations for the slab geometry that is illuminated by a collimated plane source. In particular, we investigate the accuracy of the obtained expressions by comparing the total reflectance and transmittance with results predicted by the Monte Carlo method. Moreover, for the special case of a non-absorbing anisotropically scattering slab, simple and accurate expressions in the P 1 approximation are derived, showing the typical behavior of Ohm's law for slabs having a relatively large optical thickness [21] . Besides this, we present a method usable for reconstruction of time-resolved quantities such as the fluence, reflectance, or transmittance based on the corresponding solution in the steady-state domain. Compared with the classical frequency-domain approach, which takes into account a complex-valued absorption coefficient, the method presented here avoids the use of complex numbers.
SOLUTION OF THE P 3 EQUATIONS
The radiance I z, μ caused by an infinitely extended plane source obeys the RTE
where z, μ ∈ R × −1, 1, σ t σ a σ s is the attenuation coefficient with σ a and σ s as the absorption and scattering
cos φ dφ is the scattering phase function integrated with respect to the azimuthal angle, and Sz, μ denotes the source term. For the derivations outlined below, the scattering phase function is approximated by means of the delta-M method [22] 
and P l are the Legendre polynomials. The corresponding expansion coefficients are defined by f l 2π R 1 −1 f μP l μdμ for l 0, …, 4. Furthermore, in order to obtain more accurate results, the radiance is separated into its ballistic and diffuse parts, such as I ≔ I 0 I d with I 0 z, μ exp−σ t zΘzδ1 − μ, where Θ· denotes the Heaviside step function. The diffuse part satisfies the RTE
with the scaled coefficientsσ t σ a σ s andσ s 1 − f 4 σ s . The associated exact radiative transfer boundary conditions for defining a slab of thickness L are given by
with R being the Fresnel reflection coefficient defined as
where n n i ∕n e , μ 0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
∕n, and R 1 for μ < μ c . To solve Eq. (3), the radiance is expanded in terms of the Legendre polynomials
For more details regarding the P N method, the readers may refer to the textbook [2] . In addition, the reader may refer in this context to the publications [13] [14] [15] [16] . Inserting Eq. (7) into Eq. (3) leads to the following system of ordinary differential equations
The associated boundary conditions belonging to this system are derived on the basis of the exact radiative transfer conditions from Eqs. (4) and (5) [23] . Inserting the series from Eq. (7) into these conditions, multiplying both sides with P l 0 , and integrating over jμj ≤ 1 leads to
RμP l μP l 0 μdμ,
The resulting equations for l 0 1, 3 can be summarized as
where R ll 0 ≔ R 1 0 RxP l xP l 0 xdx. Thus, the system of ordinary differential equations consists of four equations subject to four conditions. The general solution of the system from Eq. (8) is given by ϕz ϕ h z ϕ p z, where the homogenous part is found by setting ϕ h z v expλz. Inserting this ansatz into Eq. (8) 
which can also be transformed into a standard eigenvalue problem according to 0
The corresponding eigenvalues are given by
where α 27σ 0 σ 1 28σ 0 σ 3 35σ 2 σ 3 and β 105σ 0 σ 1 σ 2 σ 3 . The resulting homogenous solution can be written as
where C i i 0, …, 3 are arbitrary constants. The components of the first eigenvector x have been obtained as
whereas those for y are obtained by interchanging λ 1 with λ 2 . We note that the homogenous solution given above is valid under the restriction σ a ≠ 0. If σ a 0, it becomes
where λ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi 35σ 2 σ 3 p ∕3. The particular solution of Eq. (8) can be found via the method of variation of constants or by performing the ansatz ϕ p z v exp−σ t z, where the unknown vector v follows as the solution of the following system of linear equations: 0
As a result, the radiance in the P 3 approximation is found to be
Based on these results, the reflectance R : − R 1 −1 μI 0, μdμ and the transmittance T ≔ R 1 −1 μI L, μdμ can be calculated. In the absorbing case σ a > 0, the reflected light is found to be
where R 0 n e − n i 2 ∕n e n i 2 and T 0 1 − R 0 are the Fresnel reflection and transmission coefficients for normal incidence. The transmitted light becomes
If σ a 0, the reflectance and transmittance simplify to
As shown below, the reflectance and transmittance in the P 3 approximation are in good agreement with the corresponding Monte Carlo results. However, for the non-absorbing case, there is the possibility to derive two simple closed-form solutions based on the P 1 equations. For this task, we have to consider the system
subject to the conditions ϕ 0 0 2Aϕ 1 0 0 and 10 . Equation (19) can be integrated according to
Inserting this result into Eq. (20) leads to
The unknown constants C 1 and C 2 can now be determined from the boundary conditions yielding the diffuse reflectance R d −ϕ 1 0 and transmittance T d ϕ 1 L. In this context, we note on the particular values
, and ϕ 1 L C 1 1 − exp−σ t L and the required constants
Then the resulting complete solutions for the total reflectance and transmittance become
where z e 2AD and D 1∕3σ 0 s . In the case of matched boundary conditions, when n r 1 and z e 2D, the above expressions reduce to
For optically thick slabs, we obtain T ∼ 5D∕L, corresponding with Ohm's law for light that predicts an optical transmittance proportional to the inverse of the thickness of the slab.
RECONSTRUCTION OF TIME-DOMAIN RESULTS
In order to obtain the time-resolved reflectance and transmittance, we present in this section a method useable for reconstruction of these quantities based on the corresponding steady-state solution. In contrast to the classical frequencydomain approach, which takes into account a complex-valued absorption coefficient, the method presented below only requires the (real-valued) steady-state solution as function of the absorption. In practice, by taking the inverse Laplace transform of the steady-state solution over the variable σ a , we directly obtain the time-dependent solution. In general, the inverse Laplace transform of a functionf s s ∈ C can be performed by means of the so-called Post-Widder formula
A computable representation of this limit is given by the following truncated series [24] :
with η k k ln2∕t being the nodes and N being an even number. The corresponding weights are given by
where bk 1∕2c ≤ j ≤ mink, N ∕2. For the numerical experiments shown below, we use this formula for reconstruction of the time-resolved reflectance.
NUMERICAL EXPERIMENTS
In this section, numerical experiments are carried out in order to illustrate the accuracy of the derived analytical solutions. For this task, solutions were compared with results obtained from Monte Carlo simulations. The Monte Carlo method simulates the propagation of photons through the scattering medium using appropriate probability functions and the random number generator of the computer. In the limit of an infinitely large number of photons used in the simulations, the Monte Carlo method is an exact solution of the RTE. Our existing code was modified to be able to calculate the fluence, reflectance, and transmittance caused by an extended plane source. In all comparisons shown below the Henyey-Greenstein phase function is considered. In Fig. 1 , we simulated the total reflectance and transmittance due to an incident beam for two different relative refractive indices, namely, n 1.0 and n 1.4.
The solution in the P 3 approximation is denoted by the smooth lines, whereas the noisy curves represent the solution predicted by the Monte Carlo method. Due to the small differences between the P 3 approximation and the Monte Carlo results, we have computed the relative errors versus the slab thickness and included them in Fig. 2 . It can be seen that the smaller the thickness of the slab, the larger relative errors are. We additionally computed the relative errors between the Monte Carlo method and the solution in the P 13 approximation corresponding with the green line. The agreement with the Monte Carlo data is within the stochastic errors of this method.
For the next comparison, we have considered the total reflectance for the case of a higher absorption coefficient. Figure 3 shows a comparison between the results obtained with the Monte Carlo simulation (noisy curve), the P 3 approximation (solid line), and additionally the P 1 approximation (dashed line). It should be noted that the solution in the P 1 approximation corresponds, in principle, with the solution of the diffusion equation subject to the partial current boundary conditions (including a modified source term). The optical properties of the scattering slab are assumed to be σ a 0.1 mm −1 , σ 0 s 1 mm −1 , g 0.8, and n 1.4. It can be seen that the solution in the P 1 approximation shows significant differences to the exact transport theory reflectance.
In Fig. 4 , we compared the simple formulae for the reflectance and transmittance given in Eq. (25) for a non-absorbing slab with Monte Carlo simulations. We have considered both isotropic and anisotropic scattering. In the latter case, the Henyey-Greenstein phase function has been considered. As can be seen, the derived formulae lead in all cases to quite good agreement. We note that for mismatched boundary conditions the agreement is significantly worse.
We proceed further with the reconstruction of the timeresolved reflectance from a scattering slab based on the algorithm presented in Eq. (26). Figure 5 shows the reflectance in the time domain for two different anisotropic factors of the Henyey-Greenstein phase function subject to matched boundary conditions. A good agreement between the P 3 approximation and the results predicted by the Monte Carlo method is observed.
In Fig. 6 , we repeated the last numerical experiment for the case of mismatched boundary conditions. Similar to in the case of matched conditions, the solution in the P 3 approximation is in good agreement with the exact transport theory solution obtained via the Monte Carlo method.
In Fig. 7 , we compared the fluence Φ ≔ R 1 −1 Iz, μdμ within a scattering slab with Monte Carlo simulations (filled dots). In order to demonstrate the accuracy of the derived solutions in the P 3 approximation, we additionally have included the solution in the P 1 approximation. In Fig. 8 , we repeated the last numerical experiment for the case of mismatched boundary conditions. Again, there is a significant improvement of the P 3 approximation over the fluence in the P 1 approximation.
CONCLUDING REMARKS
In this paper, we have derived some explicit analytical solutions to the P 3 equations for slab geometry, which is illuminated by a collimated plane source. The resulting expressions for the total reflectance and transmittance have been compared with Monte Carlo simulations. It has been shown that the solutions to the P 3 equations are in quite good agreement with the results predicted by the Monte Carlo method. For the special case of a non-absorbing anisotropically scattering slab, simple and accurate expressions in the P 1 approximation have been obtained, showing the typical behavior of Ohm's law for slabs with relatively large optical thickness. Concerning the time domain, we have proposed a method usable for reconstruction of timeresolved quantities based on the corresponding solution in the steady-state domain. Compared with the classical frequency domain approach, this method avoids the use of complex numbers.
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